We have derived formulations for the pressure derivatives of bulk modulus up to the third order and for higher order Grüneisen parameters using the generalized free volume theory, and the generalized Rydberg equation of state. The properties derived in the present study are directly related to the understanding of thermoelastic properties of solids. The third order Grüneisen parameter (lambda λ) in the limit of infinite pressure has been found to approach a positive finite value for lambda infinity (λ∞) equal to 1/3. This is a result shown to be independent of the value of K-prime infinity, i. e., the pressure derivative of the bulk modulus at infinite pressure. The results based on other equations of state have also been reported and discussed. We find a relationship between λ∞ and pressure derivatives of bulk modulus at infinite pressure which is satisfied by different types of equations of state.
Introduction
The Vinet equation of state (EOS) [1] based on the Rydberg potential function [2] has been widely used [3] [4] [5] [6] [7] [8] [9] [10] [11] in spite of its main shortcoming regarding the extreme compression behaviour of solids in the limit of infinite pressure [12, 13] . This shortcoming was rectified [10, 14] by generalizing the Vinet-Rydberg EOS. The generalized Rydberg EOS formulated by Stacey [14] can be written as
where K 0 is the value of bulk modulus at P = 0, x = V /V 0 , and K ∞ is the value of pressure derivative of bulk modulus at P → ∞. The parameter f appearing in the exponential term in equation (1) is given below
where K 0 and K 0 are the values of the first and the second pressure derivatives of bulk modulus, both at P = 0. According to Stacey [12] [13] [14] , K ∞ is an equation of state parameter depending on the material in the same sense as K 0 and K 0 are. On the basis of thermodynamic principles, it has been found [13, 14] that K ∞ > 5/3. Stacey [14] emphasized that the generalized Rydberg EOS has the advantage of being successfully applicable to the solids under compressions as well as to the solids when they are dilated. Singh [15] has also demonstrated the usefulness of the generalized Rydberg EOS in investigating the high pressure properties of solids. In the present study we produce formulations for the higher derivative thermoelastic parameters and for the pressure derivatives of bulk modulus using the generalized Rydberg EOS and our earlier approach [16] based on the modified free volume theory of Grüneisen parameter [13, 17] . Then we discuss and compare the results based on other equations of state.
Grüneisen parameter and thermoelastic properties
The most important parameter providing connection between thermal and elastic properties is the Grüneisen parameter [18] 
where α is thermal expansivity, ρ is density, K T and K S are isothermal and isentropic bulk moduli, C V and C P are specific heats at constant volume and constant pressure, respectively. According to the generalized free-volume formula [13, 17] , γ is related to pressure P , bulk modulus K and its pressure derivative K = dK/dP , as follows
The parameter t takes different values for different formulations of gamma based on different approximations reviewed by Stacey and Davis [13] . Thus t = 0 for the Slater formula [19] , t = 1 for the formulation developed by Dugdale and MacDonald [20] , t = 2 for the free-volume formula [17] , and t = 2.35 resulted in a molecular dynamical calculation by Barton and Stacey [21] . Equation (4) can be applied to different types of solids, metals as well as insulators, because it is derived from the fundamental relationship between thermal pressure and thermal energy [18, 21] . The pressure dependence or volume dependence of the Grüneisen parameter can be studied with the help of equation (4) using different equations of state [6, 22, 23] . The value of t in equation (4) can be determined empirically by adjusting it to some known condition such as γ = γ 0 at P = 0. The value of t determined in this way has been found to be equal to 1.436 for the lower mantle and outer core [13, 16] . Expressions for higher order Grüneisen parameters q and λ can be derived by taking t as a constant. The final result for the third order Grüneisen parameter obtained in the present study for solids in the limit of extreme compression is independent of the parameter t.
By rewriting equation (4) in the following equivalent form [22] 
where
The higher order Grüneisen parameters are defined as [16, 24] 
and
Then, the following expressions are obtained from the differentiation of equation (5) 
Equations (9) and (10) yield
where the pressure derivatives of ε are obtained from equation (6) as follows
Equations (12) and (13) can be rearranged as follows according to the terms appearing in equation (11) 1 K
Equation (6) is rearranged as follows and then used in equation (14)
The most important results based on thermodynamics of solids [13, 25] are that (1) γ → γ ∞ , a finite positive value, (2) q → 0, and (3) λ → λ ∞ > 0, all at infinite pressure. For all the equations of state which satisfy K ∞ > 0, we can write [14] 
Pressure derivatives of bulk modulus
Here we derive the pressure derivatives of bulk modulus up to the third order using the generalized Rydberg EOS (equation (1)), and then study the relationship between the third order Grüneisen parameter λ and the pressure derivatives of bulk modulus. Equation (1), on differentiating with respect to x = V /V 0 and using the definition of bulk modulus, K = −x(dP/dx),
where f is given by equation (2) . At extreme compression, x → 0, equation (18) reduces to equation (17) . By successive differentiations of equation (18) with respect to pressure we obtain the following expressions for
It may be noted that y → 0 as x → 0 at extreme compression. Then, it is also revealed from equations (20) and (21) with the help of equation (17) that KK → 0 as well as K 2 K → 0 in the limit of infinite pressure. Equations (19) and (20) give
By rearranging equation (21) and then dividing by equation (20), we find
where the numerator N and denominator D on the left hand side of equation (23) are given as follows
Equations given above are presented such that they can be simplified and evaluated conveniently at infinite pressure.
Extreme compression behaviour
For solids at extreme compression (V → 0, and P → ∞ ) we derive the following relations. Equation (22) at P → ∞ gives
Using this result (equation (26)) in equation (16) and applying the condition at P → ∞, we get
Equation (14) gives the following result at infinite pressure
Equations (23)- (25) with the help of equation (26) yield
With the help of Equations (28) and (29), equation (15) is reduced to the following result at
The final result for the third order Grüneisen parameter λ at P → ∞ is obtained from equation (11) using equations (28)- (30) . It should be mentioned that the second order Grüneisen parameter q (equation (9)) tends to zero at P → ∞ since KK , ε and dε/dP all tend to zero as it is evident from equations (20), (6) and (12), respectively. Thus, we find from equation (11) at infinite pressure
Discussions and conclusions
The third order Grüneisen parameter λ is an important physical quantity related to pressure derivatives of bulk modulus up to the third order and, therefore, depends on the derivatives of potential energy up to the fifth order [13] . Any fundamental knowledge about λ would provide a new powerful lead to high pressure equation of state. Thus, λ ∞ is an important equation of state parameter like K ∞ . In addition to this, λ ∞ plays a significant role in describing the volume dependence of the Grüneisen parameter and other thermoelastic properties. We have the following relationship
Burakovsky and Preston [23] have formulated the following model for the volume dependence of γ
where c 1 and c 2 are constants for a given material. The exponent m > 1, and n = 1/3. At extreme compression V → 0, we have γ = γ ∞ . Equations (32) and (33) when used at infinite pressure reveal that λ ∞ = n = 1/3. Thus, the result for λ ∞ obtained in the present study using the generalized Rydberg EOS is consistent with the model for γ(V ) due to Burakovsky and Preston [23] . It should be mentioned that the parameters in equation (33) are likely to change for a material undergoing phase transitions. However, equation (33) can be extrapolated to extreme compression by assuming that the material remains in the same phase. It should be pointed out that in the present formulation based on equations (5) and (6) we have taken ε → 0 at P → ∞ which is possible only when the denominator of equation (6) does not become zero, i.e. K ∞ remains different from 2t/3. When ε → 0 at P → ∞, equation (5) gives
Equation (34), which represents the Slater formula at P → ∞, is valid according to the analysis presented by Stacey [25] . However, in the Burakovsky-Preston model, we have t = 5/2 in the extreme compression limit, and K ∞ = 5/3 and, therefore, K ∞ = 2t/3. Thus, according to this model [23, 26] , ε does not become zero, and equation (34) is not a valid result. In fact, ε becomes indeterminate from equation (6) at P → ∞ when K ∞ = 2t/3 = 5/3. It should be mentioned that Burakovsky and Preston [23] have taken the parameter t to change with pressure in their formulation based on the generalized free volume theory. Thus, the values of t taken by them remain between zero and 5/2 respectively at P = 0 and at P → ∞.
Stacey [12] [13] [14] has mentioned that equation (34) for γ ∞ results when we substitute equation (17) in equation (4) . However, this is only incomplete information. Using equation (17) in equation (4) we get the following complete expression [26] 
Thus, it is evident that equation (35) reduces to equation (34) under the condition when K ∞ is not equal to 2t/3. This point is very important emphasizing the need for an analysis involving ε based on equations (5) and (6) . Such an analysis is also necessary for determining higher derivative parameters q and λ at finite pressures. According to Stacey and Davis [13] , the Slater formula assumes the status of an identity supporting the validity of equation (34). There is enough evidence as reviewed by Burakovsky and Preston [23] that the maximum value of t can be 5/2, and, therefore, 2t/3 cannot be more than 5/3. Since the Stacey thermodynamic constraint reveals K ∞ > 5/3, so K ∞ is also greater than 2t/3, and hence equation (34) is fundamentally correct.
However, we have to follow an alternative approach to find λ ∞ when K ∞ = 5/3. In this case the generalized Rydberg EOS (equation (1)) reduces to the following form at strong compressions when x = V /V 0 is close to zero,
where a and b are constants greater than zero. Equation (36) was used in the literature [27, 28] as an EOS yielding accurate results at ultrahigh pressures. An analysis based on equation (36), for which K ∞ = 5/3, was presented earlier [26] where the same result, λ ∞ = 1/3, was obtained. It should be mentioned that the melting curves for Al, Ar, Cu, Pd and Pt determined using n = λ ∞ = 1/3 in equation (33) present close agreement with the experimental data [23, 29, 30] . It should be emphasized that the result λ ∞ = 1/3 is specific to the generalized Rydberg EOS (equation (1)) formulated by Stacey [14] . This value of λ ∞ is in agreement with the BurakovskyPreston model [23] but substantially deviates from the result λ ∞ ≈ 3 for the Earth core derived from an analysis of seismic data [13] . The seismic value of λ ∞ is significantly higher than λ ∞ = K 2 ∞ /K 0 = 1.8 obtained by Shanker and Singh [16] from the Stacey reciprocal K-primed EOS [24] taking K 0 = 5.0 and K ∞ = 3.0 for the Earth's core. It shows that λ ∞ is very sensitive to the assumed equations and that any secure fix on it will be a very powerful constraint on equations of state in general. To achieve this objective, we need to compare the results with those based on other equations of state.
Stacey [12] [13] [14] 25] has emphasized in a very convincing manner that analytical equations of state describing the behaviour of materials through all the phase transitions from zero pressure to the Thomas-Fermi state are not valid mainly because the parameters appearing in such equations cannot remain unchanged through phase transitions. The same criticism applies to equation (33) for γ(V ) due to Burakovsky and Preston [23] . However, various equations can be generalized in the same way as the Rydberg EOS, and can be extrapolated to the extreme compression by considering the material to remain in the same phase so as to satisfy equation (17) . In this case the infinite pressure parameters such as K ∞ , γ ∞ , λ ∞ are not the Thomas-Fermi state parameters. They are material -dependent and phase-dependent in the same sense as the zero pressure parameters (K 0 , K 0 , K 0 ) depend on the material in a given phase.
We have generalized the Holzapfel EOS (AP2) and the Hama-Suito EOS [3, 22] by taking the factor (V /V 0 ) −K ∞ in place of (V /V 0 ) −5/3 , in the same way as Stacey [14] generalized the Rydberg EOS. These two equations after generalization yield the same result λ ∞ = 1/3 with the help of formulation based on the modified free volume theory [16] . The generalized fourth-order PoirierTarantola logarithmic EOS [31, 32] yields a different result, λ ∞ = 0, which is not consistent with the thermodynamic considerations (λ ∞ > 0). The Keane EOS [33] , as discussed in the Appendix, gives λ ∞ = K ∞ . This result is in agreement with λ ∞ ≈ 3 [13] because K ∞ is also nearly 3 for the earth's core.
The most important finding based on different equations of state discussed above is that all of them satisfy the following relationship at infinite pressure for the ratio of third-and second pressure derivatives of bulk modulus
Equation (37) is a result of detailed analysis involving ε and its pressure derivatives dε/dP and d 2 ε/dP 2 . The conclusion drawn by Stacey and Davis [13] that the Slater formula becomes valid at infinite pressure gets strong support from the validity of equation (37). In fact, equation (37) can be directly obtained by differentiating twice the Slater formula for γ (ε = 0 in equation (5)). Equation (11) is also directly reduced to equation (37) at infinite pressure when the pressure derivatives of ε are zero. But we did not arrive at equation (37) in this manner.
Stacey [12] [13] [14] has given two alternative statements: (i) the Slater formula becomes valid at P → ∞, and (ii) all the formulae for γ represented by equation (4) reduce to equation (34). The two statements are not equivalent. The second statement appears to be more appropriate. It is clear from equation (6) that ε → 0 at P → ∞ due to equation (17) for any value of t = 0, 1, 2 etc. This favours the second statement. It is further substantiated by the fact that equation (11) reduces to equation (37) even when dε/dP and d 2 ε/dP 2 are not zero at P → ∞. It has been found in the present study that different equations of state satisfy the relationship
Equation (38) when used in equation (11) gives equation (37). Equation (38) is valid for all values of t, and, therefore, various formulae based on different values of t converge to equation (37) for λ ∞ .
Appendix
Here we present some expressions based on the K-primed equations. Using the Stacey EOS we obtained [16] 
Equations (39) and (40) exactly satisfy equation (37). Equations (25), (26) and (32) of [16] are identical with equations (13), (11) and (15) respectively, which have been written in compact forms in the present paper.
There has been a mistake in the interpretation of results [16] based on the Keane EOS [33] . The correct interpretation is as follows. For the Keane EOS we have
In the limit P → ∞, K → K ∞ , and, therefore, K 2 K remains finite. Using the Keane EOS, we can also write
Equation (42) gives
In spite of equation (43), ε ∞ → 0 because equation (6) can be rewritten as
Equation (44) gives ε ∞ → 0 due to equation (17) . The results expressed in equations (36) and (37) of [16] are modified as follows
Equation (45) is based on equations (41) and (43). Equation (45) substituted in equation (16) gives ε K P → ∞.
With the help of equations (46) and (14) we get
The Keane EOS gives [16] 
Equations (47) and (48) when substituted in equation (15) yield
Finally we find from equation (11) the following result
It should be mentioned that equations (48), (49) and (50) satisfy Equations (37) and (38) given in the present paper. Equations (31), (33) and (34) of [16] based on the Stacey EOS also satisfy equations (37) and (38). Not only the Keane EOS and the Stacey EOS, but also other equations, such as the Rydberg EOS, Holzapfel EOS, Hama-Suito EOS, Poirier-Tarantola EOS satisfy equations (37) and (38). It should be mentioned that equations (17), (34), (37) and (38) are quite general and they do not depend on the empirical equations of state. Equation (38) can further be solved using the results based on equations (14)- (16) at P → ∞. Thus we get from equation (38)
Equations (37) and (51) give
We have verified that equations (51) and (52) are satisfied by the Stacey EOS, Keane's EOS and generalized Rydberg EOS. This is a remarkable finding, particularly in view of the fact that λ ∞ , (K 2 K /KK ) ∞ and K 2 K / (K − K P ) ∞ determined from one EOS differ much from those based on the other EOS.
